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Using density-functional theory, we calculate the potential-energy surface �PES�, minimum-energy pathway
�MEP�, and transition state �TS� versus hydrostatic pressure �hyd for the reconstructive transformation in Fe
from body-centered cubic �bcc� to hexagonal closed-packed �hcp�. At fixed �hyd, the PES is described by
coupled shear ��� and shuffle ��� modes and is determined from structurally minimized hcp-bcc energy
differences at a set of �� ,��. We fit the PES using symmetry-adapted polynomials, permitting the MEP to be
found analytically. The MEP is continuous and fully explains the transformation and its associated magneti-
zation and volume discontinuity at TS. We show that �hyd �while not able to induce shear� dramatically alters
the MEP to drive reconstruction by a shuffle-only mode at �30 GPa, as observed. Finally, we relate our
polynomial-based results to Landau and nudge-elastic-band approaches and show they yield incorrect MEP in
general.
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There is a long history in the study of reconstructive
transformations in iron due to its importance in understand-
ing of technological Fe-based materials and geophysical phe-
nomena, which are highly dependent upon our knowledge of
the pressure, shear, and temperature phase stability of iron
and its alloys.1 Iron bcc is the low-pressure ground state,
while under �hyd loading from 9 to 25 GPa hcp iron becomes
stable with a magnetization and volume collapse at the
transition.2–12 Theoretical attempts have been made to under-
stand this key bcc-to-hcp reconstructive transformation and
its associated properties, including pressure dependence,
with estimates for the transition pressure from 50 to 200
GPa.13–18 Stability at extreme pressures and temperatures
have been studied, too.19–21 However, no one has determined
the fixed-pressure potential-energy surface �PES�, minimum-
energy path �MEP�, transition state �TS�, and the associated
discontinuities, especially versus increasing �hyd.

It is generally accepted that bcc-hcp reconstructive trans-
formation follows the so-called Burgers mechanism,22 in
which the crystal undergoes simultaneous shear deformation
with alternating shuffle of the adjacent atomic planes �see
Fig. 1� described as

�110�bcc � �0001�hcp and �1̄11�bcc � �2̄110�hcp. �1�

Two coupled steps are needed, namely: �1� a strain �
�001��001	 along �001�bcc reducing the angle �c from 70.53°
to 60° between the two �110�bcc diagonals to make perfect

hexagons; and �2� an internal shear strain � �110��11̄0	 along

�1̄10�bcc shuffling atoms in every second layer into the hcp
positions. It is often assumed for simplicity that these two
steps are decoupled and sequential, often �improperly� called
Burger’s path. In reality, these two steps must happen simul-
taneously; see Fig. 2.

However, hydrostatic pressure alone cannot produce
shear, only deviatoric stress can �i.e., ��=�−�hyd, where �
is symmetric stress and �hyd=Trace � /3�. So, generally, the
shear-induced bcc-hcp transformation can have the MEP and
TS altered dramatically by pressure. For example, if pressure

could move the TS to a pure-shuffle mode, the bcc N-point
phonon could drive the system to the TS, and the shear
would be completed downhill in energy. This general picture
of the transformation and its pressure dependence, addressed
here, has not been studied before. Such a pathway is the
antithesis of the decoupled and sequential path often as-
sumed.

By way of background, we highlight some of the key
theory papers addressing bcc-hcp transformation. Both linear
muffin-tin orbital �LMTO� method,13 and full-potential
linearized-augmented plane-wave �FLAPW� method14,18

have been used to study the energetics of bcc, fcc, and hcp
structures in iron at high pressure within density-functional
theory �DFT� via a generalized gradient approximation
�GGA� for electron exchange correlation. Fe bcc was found
to be mechanically unstable at high pressure �100 GPa�, but
no details �MEP nor TS� of the bcc-hcp transformation were
determined. Ekman et al.16 investigated extensively the bcc-
hcp transformation in iron using FLAPW-GGA. They pre-
sented fixed-volume PES plots of the total energy as a func-
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FIG. 1. �Color online� Coupled shuffle and shear �� ,�� required
for bcc-to-hcp transformation. Shaded bcc �110� requires compres-

sion �and/or dilation� along �001� ��1̄10�� to form hexagons. Atoms
in adjacent �110� �connected by blue lines� require a shuffle to cre-
ate hcp stacking; see Fig. 2.
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tion of shear and shuffle, so continuous volume relaxations
versus fixed �� ,�� were not allowed; instead, several vol-
umes were chosen in order to simplify the calculations.
Studying enthalpies at fixed smaller volumes �i.e., higher
pressures� they suggested that room-temperature phonon ex-
citation might enable a transition at 50 GPa. Experimental
data4,12 suggest that there is a non-negligible �8–10 %�
abrupt volume decrease along the bcc-to-hcp transformation
path, and that the transformation starts and completes from
13.8–16.2 GPa �Ref. 12� �formerly4 9–22 GPa�, with hyster-
esis upon unloading.

Recently, a solid nudge-elastic band �NEB� method was
proposed23 that sets the shear �unit cell� modes continuously
and permits the shuffle �internal cell� mode to follow the
minimum in the force, in distinction to standard nudge-
elastic band24 in which atomic motions are continuous, as
required physically. Using this approach, Johnson and
Carter25 investigated the PES and MEP in Fe and found a
discontinuous jump in atomic shuffle degrees of freedom
giving a very low bcc-to-hcp barrier. �Such jumps, however,
are unphysical, and a consequence of the method, see Sec.
III.� Lindgard and Mouritsen26 and Sanati et al.27 studied the
hcp-to-bcc �temperature phonon-induced� reconstructions in
Ti and Zr, employing an approximate Landau free-energy
approach based on DFT energies. While presented as a gen-
eral, their approach was not used for the Fe bcc-to-hcp trans-
formation. We show that both the Landau and NEB methods
produce the same discontinuous �and unphysical� MEP that
follows the initial eigenvectors at the minima �bcc or hcp�
but lead to a discontinuous �and unphysical� atomic motion
with artificially low barriers from ignoring the large coupling
between shuffle and shear modes.

Here, we demonstrate a direct method to obtain the MEP
in the bcc-hcp reconstructive transformation. The method,
however, is applicable to any general transformation involv-
ing coupled modes. Using a large set of DFT hcp-bcc energy
differences at fixed pressures �0, 10.5, and 22 GPa�, we apply
the method to the phase transition in Fe from the ferromag-
netic �FM� bcc to the nonmagnetic �NM� hcp yielding results
all in agreement with observed effects at the transition state.
As a function of �hyd, we determine the global PES, continu-

ous MEP, and the TS, and fully explaining observed the bcc-
hcp transformation and associated magnetization and volume
discontinuities at TS.2–4,7,10–12 We show that the magnetiza-
tion collapse is not generally due to �hyd, but simply inherent
to the behavior of Fe during the shuffle-shear transformation.
Versus �hyd we show that the PES and TS are altered in such
a way to permit a pure-shuffle mode at �30 GPa to drive
the system to TS, in agreement with observation.4,12 �We find
competing spin states after crossing the TS into the hcp ba-
sin, but the lowest at given �� ,�� is nonmagnetic. At perfect
hcp ��→1, �→1�, antiferromagnetic order18 or
fluctuations28 may be relevant and only slightly affect our
results.� Our results provide a better understanding of Fe-
based materials transformation and related pressure experi-
ments.

I. METHODS DETAILS

In order to determine the bcc-hcp MEP, we require accu-
rate structural-energy differences �E�� ,�� between bcc ��
=0, �=0� and any distorted state �� ,��, including ideal hcp
��=1, �=1�; see Fig. 2. We use spin-polarized, ab initio DFT
calculations to describe properly the magnetization and to
obtain a large set of total-energy difference �E�� ,�� relative
to bcc. To obtain the PES in reasonable computational time
and provide a general approach, we use a symmetry-adapted
“free-energy” polynomial to provide an analytic determina-
tion of the TS and the MEP by fitting to a finite set of DFT
results, with more sets are around TS due to higher curva-
ture. �E�� ,�� was obtained by minimizing the total energy
versus volume �V in Å3� and magnetization �� in �B� for
fixed �
45� values of �� ,�� and �hyd. We stress that this is a
generic approach to obtain the MEP analytically via an ac-
curate polynomial representation that reflects all symmetry
requirements for solid-solid transformation.

DFT Method. We use a pseudopotential plane-wave
method, as implemented in the Vienna ab initio simulation
package �VASP�,29,30 that uses the projector augmented wave
�PAW� basis31 to yield accurate energy differences. The
exchange-correlation functional is a nonlocal GGA.32 The
VASP-PAW-GGA approaches the all-electron FLAPW
method, and it correctly predicts the ordering of structural
and magnetic states of Fe. We use 350 eV energy cutoff for
the plane-wave basis set and a 20�20�20
Monkhorst-Pack33 mesh for Brillouin-zone integrations.
Convergence of the total energies �forces� is less than 4
meV/atom �2 meV /Å�.

PES Determination. To describe well the entire PES
within a limited set of DFT energy differences and determine
the MEP analytically, we fit our �E�� ,�� data to a
symmetry-adapted polynomial that properly represents the
PES. For this strain-energy functional F�� ,��, we choose a
fourth-order cosine and sine polynomial, i.e.,

F��,�� = �
m,n=0

m+n�4

amn�X����m�X����n�1 − 	m0	n0�

+ �
m,n=1

m+n�4

bmn�X����m�Y����n, �2�

with X�x�= �1−cos�
x�� and Y�x�=sin�
x�, and b0n and bm0
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FIG. 2. �Color online� PES contours from F�� ,�� via DFT data
�dots�, MEP �solid curve�, and TS of 132 meV/atom �red circle�.
PES values �in meV� at �� ,�� are from F�� ,��. Atom projections in
�110� planes are shown at various �� ,��.

J. B. LIU AND D. D. JOHNSON PHYSICAL REVIEW B 79, 134113 �2009�

134113-2



terms represented by amn. Form �2� of the strain-energy func-
tion satisfies all boundary conditions and symmetries. First,
F�0,0� must be zero because bcc is the reference state; so
a00=b00=0 and these terms are excluded in Eq. �2� by Kro-
necker’s deltas �	ij is 1�0� if i is �not� equal to j�. Second,
F�� ,�� must be symmetric to shuffle �, i.e., F�� ,��=F�
−� ,��, as shuffle by � along �11̄0�bcc or �1̄10�bcc in �110� is
same structure. However, F�� ,�� is not symmetric to shear �,
i.e., F�� ,���F�� ,−��, as moving atoms closer costs more
energy; see Fig. 1. Third, to ensure �meta-� stable structures,
as found in the DFT, are properly described, F�� ,�� should
have local minima at �0,0� and at �1,1�, i.e., the constraints
are

� �F

�x
�

x=0,1
= 0, �3�

where x= �� ,��, which is satisfied by Eq. �2�. In the fitting of
F�� ,��, we should also use a minimal number of coefficients
so as not to over fit to the DFT results. We find for Fe that the
coefficients b13 and b31 are negligible, and we neglect these
in results presented below.

Notably, the X and Y functions inherently contain terms of
�m�n in Taylor’s series, permitting connection to Landau ap-
proaches and their corresponding MEP analysis, while keep-
ing form as simple as possible for analytic determination of
the correct MEP. The sums in F�� ,�� are restricted to m
+n�4 to satisfy all constraints and match a Landau theory
when Taylor’s series expanded. As such, the strain-energy
functional in Eq. �2� can be considered a Landau-type free-
energy functional for the reconstructive bcc-to-hcp transfor-
mation in terms of coupled shuffle and shear modes. We will
use this to discuss common Landau approaches to determine
the MEP. While the fit coefficients amn and bmn generally
describe the topology of the PES, they also can provide the
physical coupling parameters and Landau coefficients, as
seen after expanding by equating to coefficients in Sec. III.

MEP Determination. To describe fully the transition, the
MEP is required and can be determined directly given
F�� ,�� fit to DFT energy differences. The MEP is the
lowest-energy path connecting two minima on a PES. For a
process with only one transition state, the MEP is given by
the steepest-descent path from the TS to each minima.34–36

The TS is the smallest saddle-point energy. Often the only
information known when searching for the MEP is the start
and end points, normally located at the PES minima. If the
TS is located, the MEP can be efficiently obtained by follow-
ing the gradient of the energy downhill, along the eigenvec-
tors leading to the two minima. Having fit our DFT results to
the symmetry-adapted polynomial in Eq. �2� we determine
the energy-gradient �F�� ,�� analytically; we then find the
TS as the saddle-point ��TS,�TS� having the smallest maxi-
mum magnitude of F�� ,��; then, starting from TS, we fol-
low the eigenvectors of F��TS,�TS�, found analytically,
downhill to each minimum, yielding the MEP. Functionally,
we numerically obtain the MEP from the strain-energy func-
tion using the analytic gradient in three steps: �a� move a
small step along the gradient direction �local eigenvector�
toward one minima; �b� calculate the gradient at the new

position; �c� repeat steps �a� and �b� until we reach bcc or hcp
state.34,35 Both the fitting to DFT results to get the PES, as
well as the analytic determination of the MEP are handled
using MATHEMATICA.37

Importantly, one does not find the correct MEP by mini-
mizing the strain-energy function serially with respect to the
shear �or shuffle� order parameter, as done in Landau
approach,26,27 because the � and � modes are strongly
coupled and not independent modes. Due to this the Landau
functional and nudge-elastic band methods yield the wrong
MEP, as discussed in Sec. III.

II. RESULTS FOR BCC-TO-HCP MEP

In Fig. 2 we show a PES contour plot for Fe bcc-to-hcp
obtained from the symmetry-adapted polynomial �strain-
energy values� F�� ,�� fit to DFT �E�� ,�� data at 0 GPa.
Later, energy values from the strain-energy F�� ,�� are im-
portant for comparison to Landau or nudge-elastic-band re-
sults. For specific �� ,��, we show the projections of the at-
oms in adjacent �110� planes. The actual �� ,�� where the
DFT �E�� ,�� was obtained is also indicated in Fig. 2; spe-
cific values of the PES �in meV�, magnetic moments �in
�B /atom� and volumes �in Å3 /cell� for given states at 0, 10.5
and 22 GPa are listed in Tables I–III, respectively, in the
Appendix. The associated magnetism and volume change at
the TS along the MEP at 0 GPa is given in Fig. 3. Figure 4
shows comparative results for 10.5 and 22 GPa, near the
calculated and observed start and end pressures for the trans-
formation. From these results we estimate a shuffle-only
transition at �30 GPa, which can be pure phonon driven.
These results constitute the first complete and quantitative
calculation of the global PES, MEP, and TS for the bcc-to-
hcp transformation that include full volume relaxation and
magnetization effects for all shuffle-shear modes at fixed,
hydrostatic pressures.

From Fig. 2, the energy barrier at 0 GPa for the MEP is
132 meV/atom at the TS, similar to the 122 meV/atom found
using constrained-volume calculations.16 One can visually

�

FIG. 3. �Color online� Calculated Fe volume �in Å3, squares�
and magnetic moments �in �B /atom, circles� along the 0 GPa MEP.
At the TS in Fig. 2, a first-order moment collapse occurs �from
2.42�B� with concomitant volume discontinuity.
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confirm �from the MEP at �0,0�� that the initial eigenvector
upon starting the transformation at bcc lies along ��=0,��,
where the energy per strain is lowest, i.e., larger separation
between contour lines. Starting at bcc, the journey along
zero-shuffle mode ��=0,�� remains quite low in energy up
to large shears, albeit this is not the MEP. This zero-shuffle
mode is along the sequential Burger path, i.e., �0,��
→ �0,1�→ �1,1�, with 156 meV/atom barrier at ��=0.4, �
=1� to the hcp state. Similarly, starting at hcp, the eigenvec-
tor points along a path given by the low-energy, zero-
�reverse�shuffle mode point along ��=1,��. The true MEP,
which remains perpendicular to the gradient of the PES ob-
tained via the gradients of F�� ,��, connects these initial
eigenvectors to form a path through the TS having the lowest
saddle-point energy.

A signature of the transformation under pressure is a vol-
ume collapse observed at the TS.2–4,7,10–12 Figure 3 shows the
calculated magnetism and volume change along the bcc-to-
hcp MEP at 0 GPa. �The region of zero magnetization, on the
hcp side of the saddle point, is evident from result listed in
Tables I–III in the Appendix.� We emphasize that the results
in Fig. 3 are for 0 GPa, although similar results hold at all
pressures �not shown�, indicating that these effects along the
MEP are generic to Fe, and occur due to shuffle-shear rather
than specifically pressure. Indeed, just before the TS, the
magnetic moment on each atom is close to that of bcc Fe,
and the cell volume increases slightly from 22.67 �bcc� to
23.47 Å3 /cell/cell �TS�, a 3.5% increase. Passing through
the TS, the moments collapse from 2.42�B /atom to
0�B /atom and the volume drops discontinuously from 23.47
to 20.33 Å3 /cell, a −13.4% drop. The collapse of magnetism
drives the volume change. Again, a result of the hcp-like
structural change after TS, rather than pressure-induced vol-
ume reduction, like those addressed in former DFT calcula-
tions.

We emphasize that even though all atoms move continu-
ously, as is physically required �see Fig. 2 insets of the struc-
tures� both the volume and magnetism exhibit a correlated
discontinuity at TS. The magnetic moment collapse, a feature
of a first-order phase transition, is in agreement with the
similar drop found previously.13,15,16 In addition, Ekman et
al.16 described a cusp in the phonon spectra in their fixed-
volume calculations. This cusp arises at the TS due to the
volume discontinuity in the free-energy functional, which is
reflected in the phonon spectra �phonons being related to the
second derivatives of free energy�. Note that atomic coordi-
nates are always continuous degrees of freedom even though
collective behavior, such as phonons, and nonconserving in-
tegral quantities, such as volume and magnetization, can ex-
hibit discontinuities in first-order phase changes. As a result,
the MEP will be continuous because it depends on all the
atomic �continuous� degrees of freedom. These comments
will have critical relevance to erroneous results that will be
obtained from Landau and nudged-elastic band methods; see
Sec. III.

Under pressure the thermodynamically stable phase is
given by minimizing the enthalpy, H=E+ PV. We find that
bcc and hcp are degenerate at 
9.5 GPa, near the reported
onset �hyd for the transformation. However, only the devia-
toric stress can induce shear in a solid, so �hyd is not solely
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FIG. 4. �Color online� Iron PES contours and TS �red dots� at
�a� 0; �b� 10.5; and �c� 22 GPa. Blue dots given location of DFT
results. Gray dots in �c� are the TS for 0 and 10.5 GPa, and dashed
arrow shows trend of TS to pure shuffle ��=0.5 and �=0� at pres-
sure of �30 GPa.
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responsible for the shuffle-shear transformation, which can
happen also at 0 GPa; see Fig. 2. Above 10 GPa four major
pressure effects are evident; see Fig. 4: �1� the TS is now
globally the lowest bcc-to-hcp barrier, so the lowest pathway
�and eigenvector� is directly up hill to the saddle point �TS�;
�2� the hcp energy drops �relative to bcc� from 57 meV/atom
at 0 GPa to −15 meV /atom at 10.5 GPa, and to
−69 meV /atom at 22 GPa; and, once hcp, �3� the hcp struc-
ture remains more stable with respect to pressure. Thus, bcc
becomes energetically metastable relative to hcp above 10.5
GPa, in agreement with previous work.15–17 And, finally, �4�
increasing �hyd further �see Fig. 4�c� at 22 GPa� moves TS
toward �� ,�� of �0.5, 0�, permitting a pure-shuffle �zero
strain� mode to achieve the transition. For 22 GPa a smaller
energy barrier of 96 meV �40% smaller barrier than that
found previously16� is required. We estimate �30 GPa
�much less that the 50–200 GPa from fixed-volume
results13–17� is needed to reach the bcc-hcp TS by a N-point
phonon at room temperature. A phonon-mediated transition
was suggested by Ekman et al.16

In Fig. 5, we compared the calculated energy versus trans-
formation path �the MEP� under pressure to the serial “Burg-
er’s path,” as well as the �unphysical� nudged-elastic band or
Landau free-energy path discussed later. At 10.5 GPa, there
is still an energy barrier between bcc and hcp, i.e., �E is 119
meV/atom versus 132 meV/atom at 0 GPa, a decrease of

10%. Hence, with hcp lower in energy than bcc above 10
GPa, the presence of the asymmetric barrier between them
gives rise to small hysteresis under cycling of pressure
through the transition, as is observed.4,12 This hysteresis is
due to kinetics and thermal excitations under pressure as the
system is exploring phase space to complete the transforma-
tion, which controls the percentage of hcp appearing in the
sample. The energy barriers from Fig. 4 can be used to esti-
mate the range of transformation pressure by �P

�E / �Vbcc−Vhcp� with volumes of 22.67 Å3 �bcc� and
20.33 Å3 �hcp�; see Fig. 3. A barrier of 132 meV/atom �184
meV/atom� at 0 GP leads to a minimum �maximum� onset
transformation pressure of 9 GPa �12.6 GPa�. At 10.5 GPa,
the minimum �maximum� barrier is 119 meV/atom �201
meV/atom�, giving pressure of 8.1 Gpa �13.8 GPa�. At 22
GPa, the minimum �maximum� barrier is 96 meV/atom �149
meV/atom�, giving pressure of 6.6 GPa �10.2 GPa�. At 22
GPa, the pathway dependent hysteresis is 3.6 GPa, close to
latest observed value.12

III. RELATION TO LANDAU AND NUDGE-ELASTIC
BAND METHODS

For completeness, we discuss how Landau free-energy
�LFE� expansion and solid-NEB approaches can yield the
incorrect MEP for reconstructive transformations. Recall, the
symmetry-adapted free-energy polynomial in Eq. �2� permits
a direct comparison to Landau-type polynomial functional
used in previous works, which will also be related to the
nudge-elastic band results. Keep in mind that the PES is
multivalued in �� ,��, as clear from Figs. 2 and 4, which lead
to bifurcation points in the solutions of MEP, if not per-
formed globally. Indeed, as we now show, standard solutions
via LFE or NEB methods can lead to unphysical discontinui-
ties as a result.

The temperature-dependent, reconstructive hcp-to-bcc
transformation, as observed in Ti and Zr, for example, has
been described by Lindgard and Mouritsen26 �LM� and
Sanati et al.27 in terms of LFE with respect to shuffle � and
shear � order parameters, too. Using symmetry and a poly-
nomial that assumes the order parameters are small, the LFE
is

F��,�� =
A

2
�2 +

B

4
�4 +

C

6
�6 +

A1

2
�2 +

B1

4
�4 + C1��2, �4�

where the C1 term couples the external shear with internal
shuffle. Sanati et al.27 added higher-order coupling terms to
Eq. �4�, while ignoring terms higher order than �2 to improve
the fit between the LFE and DFT calculations. Their func-
tional form does improve the fit, but not the qualitative re-
sults. Thus, we focus on the simple form in Eq. �4�. Note that
a sixth-order polynomial in shuffle is required to describe a
first-order transformation.

Given Eq. �4� a fit to any DFT data can be made to get the
coefficients in F�� ,��. For these coefficients, F�� ,�� is mini-
mized with respect to strain ��� at fixed shuffle ���, i.e.,
�FLM /�� ��=0, to obtain ����−

C1

A1
�2. By substituting into

�4�, we find a simple one-parameter free-energy F�� ,�����
defining the apparent MEP, i.e.,

FMEP��� 
A

2
�2 +

�B − 2C1
2/A1�

4
�4 +

C

6
�6. �5�

This MEP depends not only upon the assumed coupling but
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also the size and specific order of truncation. Also, the solu-
tion of this equation leads to bifurcation points �imaginary
solutions� that lead to discontinuities in the MEP, as found
also for NEB recently.25 We now reproduce such results from
our PES, as shown in Fig. 5 with a cusplike MEP with small,
but incorrect, barrier.

For a comparison, we fit the Lindgard-Mouritsen and
Sanati et al. forms to our DFT results for Fe bcc-to-hcp
transformation, and compared them to our generic formula-
tion in Eq. �2�. Neither were able to fit the case of Fe well. In
particular, they failed to reproduce the local stability of hcp
structure �i.e., hcp is not a local minimum of the functional�.
We can quantify the goodness of each of the three LFE forms
by the least-squared fit error.38 We find at 0 GPa that �2 are
112.9, 68.5, and 25.8 for the Lindgard-Mouritsen, Sanati et
al., and our polynomials, respectively. Our Eq. �2� provides a
much better fit to the first-principles data mainly due to the
fact that we are not trying to approximate a LFE just trying
to fit the PES more accurately based upon symmetry require-
ments; then, due to its �co�sine form, we can, if we wish,
make an analytic connection to any LFE forms.

We can now follow the approach outlined above for find-
ing the MEP with our LFE; that is, we minimize Eq. �2�
analytically with respect to strain to obtain an effective one-
dimensional LFE in terms of only shuffle, then numerical
solve for the MEP. Starting at bcc, the numerical solution of
the resulting MEP equation following this approach yields a
MEP along ��=0, �=0� to ��=0, �=0.75� with a discrete
�and hence, instantaneous in time� jump in shuffle �a bifur-
cation point in this approximate solution� to ��=1, �=0.75�
and ends downhill at hcp. Values of the strain energy along
this MEP are marked in Fig. 2 where the energies at ��=0,
�=0.75� and ��=1, �=0.75� are both 71 meV/atom. There-
fore, 71 meV/atom is the “barrier at the TS” at 75% along
the “unphysical” MEP in Fig. 5, which appears as a cusp.
The pathway is unphysical due to the assumption that the
MEP is determined by uncoupling the shear and shuffle de-
grees of freedom �during the minimization versus shear� and
then matching free-energy values. The MEP obtain by Eq.
�5� also yields a similar result, as it must.

Importantly, however, the apparent MEP determined in
this way is not the correct MEP if the modes are highly
coupled. For general reconstructive phase transitions the or-
der parameters are not the simple shuffle and shear but tran-
scendental order parameters.39 Hence, the PES is multival-
ued in the intuitive shuffle and shear order parameters
�legitimately written down for reconstruction�. Hence, the
simple minimization procedure fails to yield the MEP. One
finds the MEP and TS using the standard technique noted in
Sec. I, i.e., follow the gradient from the TS to each minima
�solid curves in Figs. 4 and 5�.

All this can be seen directly in the PES. In Fig. 2, one can
visually confirm that the initial eigenvector upon starting the
transformation at bcc lies along ��=0,�� where the energy
per strain is lowest �the correct MEP shows the starting ei-
genvector at �0,0��. If there is no constraint to follow the
MEP that remains perpendicular to the gradient of the PES,
as necessary in any transformation, then indeed the lowest-
energy �fictitious� path is along the zero-shuffle mode. Start-
ing at bcc, the zero-shuffle mode is the beginning of the

often assumed serial Burger’s path, leading to a TS at 156
meV/atom at ��=0.6, �=1� before reaching the hcp state,
which is higher than the 132 meV/atom at the true TS in Fig.
2.

Starting at bcc, the MEP obtain by �5� must be along �
=0, forcing it along the zero-shuffle mode. Similarly, starting
at hcp, the lowest-energy �fictitious� path is along the shear
mode ��=1, �=1� to ��=1, �=0�. Hence, the only way that
the transformation path can be connected between the bcc
initial eigenvector and hcp initial eigenvector is to assume
that the free energies are equal at the transition state, thereby
defining the TS �improperly� without gradients. In Fig. 2
only �=0.75 satisfies this assumption, giving F��=0, �
=0.75�=F��=1, �=0.75�, and a TS at 71 meV/atom, see
“unphysical” MEP in Fig. 5. While this is lower than the true
TS of 132 meV/atom, it is an improperly defined transition
that exhibits an unphysical discontinuous �and instantaneous�
jump in all atomic degrees of freedom, from a structure with
��=0, �=0.75� to one with ��=1, �=0.75�. The discontinu-
ity is not in any nonconserving integral quantities, such as
volume; it is in the atomic degrees of freedom that should be
always continuous.

The true MEP �Fig. 5� is determined by following the
eigenvectors at TS down to each minima. The PES under
pressure yields similar results, only the starting eigenvectors
at TS are rotated toward the pure-shuffle �zero strain� axis;
see Fig. 4.

A NEB approach will find the same results as the LFE. A
solid-state NEB method23 fixes the cell degrees of freedom
�shear� and fully minimizes all internal degrees of freedom
�shuffle�, so the full, multivalued PES is not explored. Even
with an elastic band coupling both � and �, the bands distort
�unless constrained strongly� to follow the small energy per
strain along initial eigenvectors at ��=0, �=0� and ��=1,
�=1�, regardless of where the TS is located. Due to the mul-
tivalued PES, you then get exactly same result as the LFE
approach: a discontinuous �and instantaneous� jump from a
structure with ��=0, �=0.75� to one with ��=1, �=0.75� as
we show in Fig. 5 �the curve marked “unphysical”�, which
matches exactly the very recent solid-NEB result for Fe.25

The cusp arises due to the discontinuity of the atomic mo-
tions from �=0 to 1. In the correct MEP, the atomic motions
are continuous through the TS, even while the volume and
magnetization are discontinuous, as discussed.

For the LFE and standard NEB in which the shuffle �
modes are kept continuous and minimization is made with
respect to shear �, the MEP is again unphysical and has the
wrong curvature, but it at least passes near the correct TS,
because the internal shuffle are now continuous �cell shear
modes are not�.

Thus, neither the Landau nor NEB methods yield the
physical MEP for solid-state reconstructions involving on �
and �. On the other hand, the symmetry-adapted polynomial
permits the MEP to be found analytically following the gra-
dients from the TS to each minima and describes properly
the reconstructive transformation, including the all observed
discontinuities and hysteresis.
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IV. CONCLUSIONS

Using density-functional theory, we have studied the
pressure-induced, bcc-to-hcp reconstruction in Fe arising
from the coupled internal shuffle ��� and shear ��� degrees of
freedom, with full volume relaxations included in the
potential-energy surface versus �� ,��. To do so, we have
provided a reliable method to address solid-solid reconstruc-
tive transformations by employing a symmetry-adapted poly-
nomial to obtain the full PES from a fit to DFT structural-
energy differences. The polynomial permits the minimum-
energy path and its transition state to be found analytically.
Moreover, the polynomial allows a direct connection to Lan-
dau and nudge-elastic band methods, showing that neither
method gets the correct transformation path.

As hydrostatic pressure ��hyd� cannot produce shear for
the transformation to occur, we determined the PES versus
�hyd to understand the transformation and its observed prop-
erties. We find that pressure alters the PES and MEP �and its
barriers, TS� such that, at �30 GPa, a pure-shuffle �bcc

N-point phonon� mode can reach TS, which is now acces-
sible at even at room temperature. The calculated transition
occurs from 10 to 30 GPa, the range in experiment. The
MEP is continuous �as are all atomic motions� with a mag-
netization collapse and concomitant volume discontinuity at
the TS, signatures in experiment. Notably, the magnetization
and volume collapse are not due specifically to pressure, but
to the inherent structural sensitivity of the Fe PES. Taken
together these results provide direct insight and explanation
for the for the bcc-to-hcp reconstructive transformation in
Fe-based materials, including the Earth’s core.
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APPENDIX

Here we specify the energy, magnetization, and volume values obtained from DFT calculations �identified in Figs. 2 and 4�
calculated with full volume relaxation for specific choices of shuffle and shear �� ,�� at each hydrostatic pressure. As both �
and � parameters are coupled, this is a critical part of the computations. Tables I–III are for 0, 10.5, and 22 GPa, respectively.
Various representations of atomic configurations with specific �� ,�� pairs are given in Fig. 2. Comparing Figs. 2 and 4 with the
values in the tables provides also an idea where the magnetization and volume collapse occurs during transformation to
hcp-like symmetry for shuffle and shear parameters not along the MEP given in Fig. 5.

TABLE I. Calculated bcc-to-hcp PES �first row, in meV�, magnetic moment �second row, in �B /atom�
and cell volume �third row, in Å3 /cell� for given shuffle, shear �� ,�� at 0 GPa.

0.00 22.70 76.20 111.10 136.40 179.80 190.40

0.000 2.21 2.22 2.26 2.30 2.31 2.32 2.32

22.67 22.74 22.98 23.22 23.32 23.48 23.52

7.50 29.50 81.00 112.90 136.30 172.65 178.10

0.250 2.21 2.23 2.29 2.32 2.34 0.00 0.00

22.69 22.78 23.05 23.19 23.32 20.60 20.61

27.75 49.05 97.50 127.00 136.95 115.05 115.25

0.500 2.24 2.26 2.34 2.37 0.00 0.00 0.00

22.82 22.89 23.18 23.35 20.44 20.44 20.47

47.80 66.05 111.55 138.40 118.25 89.95 91.20

0.643 2.27 2.30 2.43 2.49 0.00 0.00 0.00

22.94 23.03 23.42 23.64 20.41 20.38 20.41

65.55 82.25 123.40 147.75 109.00 75.55 75.85

0.750 2.30 2.33 2.48 0.00 0.00 0.00 0.00

23.06 23.17 23.61 20.46 20.40 20.35 20.36

113.35 125.05 154.60 152.05 106.60 63.45 58.40

1.000 2.40 2.45 2.55 0.00 0.00 0.00 0.00

23.51 23.61 23.90 20.50 20.45 20.37 20.33

�

�
0.00 0.25 0.50 0.643 0.75 0.95 1.00
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TABLE II. Calculated bcc-to-hcp PES for given �� ,�� at 10.5 GPa. Legend is the same as in Table I.

0.00 23.85 83.05 121.55 150.10 199.60 210.75

0.000 2.14 2.14 2.18 2.20 2.20 2.17 2.16

21.71 21.70 21.89 22.01 22.08 22.16 22.17

7.95 31.30 88.55 125.10 151.40 110.15 116.30

0.250 2.14 2.14 2.18 2.20 2.20 0.00 0.00

21.67 21.71 21.87 21.98 22.04 19.92 19.95

31.65 53.80 108.20 141.55 69.80 48.05 51.45

0.500 2.16 2.16 2.19 2.21 0.00 0.00 0.00

21.76 21.78 21.91 22.01 19.80 19.80 19.82

52.90 74.45 126.20 157.10 49.85 21.05 22.75

0.643 2.18 2.18 2.20 2.22 0.00 0.00 0.00

21.86 21.85 21.98 22.03 19.76 19.77 19.76

73.10 93.55 142.90 81.05 40.00 5.70 6.35

0.750 2.19 2.20 2.23 0.00 0.00 0.00 0.00

21.90 21.94 22.04 19.81 19.76 19.72 19.72

128.70 145.30 170.20 86.45 38.60 −7.25 −9.20

1.000 2.20 2.19 1.13 0.00 0.00 0.00 0.00

22.07 22.07 20.57 19.85 19.76 19.70 19.69

�

�
0.00 0.25 0.50 0.643 0.75 0.95 1.00

TABLE III. Calculated bcc-to-hcp PES for given �� ,�� at 22 GPa. Legend is the same as in Table I.

0.00 25.70 90.70 108.50 127.10 146.65

0.000 2.06 2.07 2.09 0.00 0.00 0.00

20.73 20.77 20.90 19.35 19.36 19.45

1.45 26.60 90.80 103.40 100.75 111.85

0.100 2.06 2.06 2.07 0.00 0.00 0.00

20.74 20.75 20.86 19.31 19.31 19.41

8.85 33.25 95.45 88.50 61.95 61.05

0.250 2.07 2.06 2.07 0.00 0.00 0.00

20.77 20.77 20.87 19.26 19.25 19.31

35.10 57.95 111.40 44.90 9.50 −8.45

0.500 2.07 2.07 0.00 0.00 0.00 0.00

20.80 20.82 19.27 19.20 19.17 19.19

59.05 80.55 100.90 28.65 −11.50 −38.90

0.643 2.08 2.06 0.00 0.00 0.00 0.00

20.92 20.84 19.27 19.18 19.14 19.14

81.75 101.85 98.50 21.25 −21.75 −56.45

0.750 2.10 2.05 0.00 0.00 0.00 0.00

20.94 20.87 19.28 19.18 19.13 19.10

138.10 145.00 114.30 27.90 −22.55 −73.20

1.000 1.70 1.52 0.00 0.00 0.00 0.00

20.53 20.28 19.33 19.22 19.15 19.07

�

�
0.00 0.25 0.50 0.643 0.75 1.00
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